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We show that the clogging susceptibility and flow of particles moving through a random obstacle
array can be controlled with a transverse or longitudinal ac drive. The flow rate can vary over
several orders of magnitude, and we find both an optimal frequency and an optimal amplitude of
driving that maximizes the flow. For dense arrays, at low ac frequencies a heterogeneous creeping
clogged phase appears in which rearrangements between different clogged configurations occur. At
intermediate frequencies a high mobility fluidized state forms, and at high frequencies the system
reenters a heterogeneous frozen clogged state. These results provide a technique for optimizing flow
through heterogeneous media that could also serve as the basis for a particle separation method.
Particle transport through heterogeneous media is rel-
evant to flows in porous media [1, 2], transport of col-
loidal particles on ordered or disordered substrates [3–7],
clogging phenomena [8–13], filtration [14–16], and active
matter motion in disordered environments [17–20]. It
also has similarities to systems that exhibit depinning
phenomena when driven over random or ordered sub-
strates [21]. Recent work has focused on clogging ef-
fects for particle motion through obstacle arrays, where
the onset of clogging is characterized by the formation of
a heterogeneously dense state [11–13]. Such clogging is
relevant for the performance of filters or for limiting the
amount of flow through disordered media, so understand-
ing how to avoid clog formation or how to optimize the
particle mobility in obstacle arrays is highly desirable.
Clogging also occurs for particle flow through hoppers
or constrictions, where there can be a transition from a
flowing to a clogged state as the aperture size decreases
or the flow rate increases [22–26]. The clogging suscepti-
bility in such systems can be reduced with periodic per-
turbations or vibrations [27–29]. Applied perturbations
generally produce enhanced flows in disordered systems
[30–34]; however, there are examples where the addition
of perturbations or noise can decrease the flow or induce
jamming, such as the freezing by heating phenomenon
[35, 36] or the appearance of a reentrant high viscosity
state in vibrated granular matter [37]. A natural ques-
tion is whether clogging and mobility for particle flows
through obstacles can be controlled or optimized with ap-
plied perturbations in the same way as hopper flow. The
situation is more complex for two-dimensional (2D) dis-
ordered obstacle arrays than for hopper geometries since
shaking can be applied in either the longitudinal or trans-
verse direction, and one type of shaking may be more
effective than the other.
In this work we numerically examine particle flow
though a disordered obstacle array where the particles
experience both a dc drive and ac shaking. In the ab-
sence of the ac shaking, there is a well defined clogging
transition at a critical obstacle density φdcc above which
the flux of particles drops to zero. We find that appli-
cation of a transverse or longitudinal ac drive above φdcc
unclogs the system and permits flow to occur, while the
mobility drops back to zero at a higher second critical ob-
stacle density φacc . We identify an optimal ac frequency
for mobility and find that at low frequencies, the system
forms a nearly immobile heterogeneous creeping clogged
state in which particle rearrangements produce transi-
tions between different clogged configurations. At in-
termediate frequencies, a more uniform flowing fluidized
state appears, and at high frequencies a heterogeneous
frozen clogged state emerges in which there are no par-
ticle rearrangements. The mobility for fixed frequency
and changing ac amplitude is also nonmonotonic. For
obstacle densities below φdcc , the ac drive still strongly
affects the flow rate, and we find an optimal frequency
that maximizes the flow as well as a local minimum in
the mobility produced by a resonance effect of the ac mo-
tion with the average spacing between obstacles. In most
cases, transverse ac drives produce higher mobility than
longitudinal ac drives; however, at low obstacle densities
the transverse ac drive reduces the flow. We show that
these effects are robust for a wide range of particle densi-
ties, and we map a dynamic phase digram describing the
fluid regime, the creeping clogged phase, and the frozen
clogged state.
Simulation and System— We simulate a 2D system
of non-overlapping repulsive particles in the form of
disks interacting with a random array of obstacles where
the particles are subjected to a dc drift force and an
ac shaking force. The sample is of size L × L with
L = 100 and we impose periodic boundary conditions
in the x and y directions. Interactions between pairs
of disks i and j are given by the repulsive harmonic
force Fijdd = k(rij − 2Rd)Θ(rij − 2Rd)rˆij , where the disk
radius Rd = 0.5, rij = |ri − rj |, rˆij = (ri − rj)/rij ,
and Θ is the Heaviside step function. The spring stiff-
ness k = 200 is large enough that disks overlap by less
than one percent, placing us in the hard disk limit as
confirmed by previous works [11, 12, 38]. The obsta-
2cles are modeled as immobile disks with the same ra-
dius and disk-disk interactions as the mobile particles.
There are Nm mobile particles with an area coverage of
φm = NmpiR
2
d/L
2, while the area coverage of theNobs ob-
stacles is φobs = NobspiR
2
d/L
2 and the total area coverage
is φtot = φm + φobs. For monodisperse disks the system
forms a triangular solid at φtot = 0.9 [38]. The obsta-
cles are placed in a dense lattice and randomly diluted
until the desired φobs is reached, so that the minimum
spacing between obstacle centers is dmin = 2.0. The par-
ticle dynamics are governed by the following overdamped
equation of motion: ηdri/dt = F
i
inter
+Fi
obs
+Fdc+Fac.
Here Fi
inter
=
∑Nm
j=0 F
ij
dd are the particle-particle interac-
tions, Fi
obs
=
∑Nobs
k=0 F
ik
dd are the particle-obstacle inter-
actions, and Fdc = Fdcxˆ is the dc drift force applied in
the positive x-direction, where Fdc = 0.05. Each simu-
lation time step is of size dt = 0.002. We apply a sinu-
soidal ac drive that is either transverse (perpendicular)
to the dc drive, Fac = F
⊥
acyˆ, or longitudinal (parallel) to
the dc drive, Fac = F
||
acxˆ . We measure the time aver-
age of the velocity per particle in the dc drift direction,
〈Vx〉 = N−1m
∑Nm
i=1 vi · xˆ, where vi is the velocity of par-
ticle i. We define the mobility as M = 〈Vx〉/〈V 0x 〉, where
〈V 0x 〉 is the obstacle-free drift velocity, so that in the free
flow limit, M = 1.0. We wait at least 107 simulation
time steps before taking measurements to ensure that
the system has reached a steady state.
Results – In Fig. 1(a) we illustrate the positions of
the particles and obstacles in a sample with Fdc = 0.05,
φtot = 0.275, and φobs = 0.1256 under a transverse drive
of magnitude F⊥ac = 0.5 in what we define as the low
frequency limit of ω = 10−7, where the mobility is very
small, M = 0.01. The particles assemble into high den-
sity clogged regions separated by large void areas. There
are slow rearrangements of the particles but little net
motion in the direction of the dc drift, so the system is
effectively transitioning between different clogged config-
urations. At ω = 10−4 in Fig. 1(b), the mobility of the
same sample reaches its maximum value of M = 0.27.
Here the clustering is reduced compared to what occurs
at lower frequencies, and the system is in a partially
fluidized state. For the high frequency of ω = 10−1 in
Fig. 1(c), a completely frozen clogged state with M = 0
appears. In Fig. 1(d), when ω = 10−1 but the obstacle
density is reduced to φobs = 0.047, the system is in a
flowing state.
In Fig. 2(a) we plot M versus obstacle density φobs for
a system with φtot = 0.275 for zero ac drive, a transverse
ac drive of F⊥ac = 0.5 at ω = 10
−4, and a transverse dc
drive with F
||
ac = 0.5 and ω = 10−4. A clogged state with
M = 0 appears for φtot > 0.115 under no ac drive, for
φtot > 0.2 under transverse ac driving, and for φtot >
0.155 under longitudinal driving, so there is a wide range
of frequencies over which the transverse ac drive is the
most effective at reducing clogging. For φobs < 0.07, the
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FIG. 1: Locations of particles (red) and obstacles (blue) for
a system with φtot = 0.275 and an x-direction drift force of
Fdc = 0.05 under an applied transverse (y-direction) ac drive
of magnitude F⊥ac = 0.5 for different ac frequencies ω. (a) A
low mobility creeping clogged state with M = 0.01 at ω =
10−7 and φobs = 0.1256. (b) A high mobility fluidized state
with M = 0.27 at ω = 10−4 and φobs = 0.1256. (c) A frozen
clogged state with M = 0 at ω = 10−1 and φobs = 0.1256. (d)
A flowing state at ω = 10−1 and φobs = 0.047. The images
in (a,b,c) were obtained at the points marked a, b, and c in
Fig. 2(b).
transverse ac drive produces a lower mobility M than
either the longitudinal or zero ac driving.
In Fig. 2(b) we plot M versus ac frequency ω for
the system from Fig. 1(a–c) with φtot = 0.275 and
φobs = 0.1256 for transverse and longitudinal ac driv-
ing of magnitude Fac = 0.5. We find a low mobility state
for ω < 10−6 and a zero mobility state for ω ≥ 10−2. The
optimal mobility occurs at a frequency of ω ≈ 2.5×10−4.
Both directions of ac driving produce the same dynamic
states, but the maximum value of M for longitudinal
driving is less than half that found for transverse driving,
and the window of unclogged states is narrower for lon-
gitudinal driving. Additionally, the low frequency states
with ω < 10−5 are fully clogged withM = 0 for longitudi-
nal driving, but have a small finite mobility for transverse
driving. These results indicate that there are two differ-
ent types of clogged states separated by an intermediate
fluidized state in which the mobility reaches its optimum
value.
In Fig. 2(c) we plot M versus F⊥ac for a system with
φtot = 0.275 and φobs = 0.1256 at the optimal frequency
of ω = 10−4 and at ω = 10−3, 10−2, and 10−1. For
each driving frequency, there is an optimal value of F⊥ac
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FIG. 2: (a) Mobility M vs obstacle density φobs for φtot =
0.275 at F⊥ac = F
||
ac = 0 (pink), where M = 0 for φobs >
0.115; at F⊥ac = 0.5 and ω = 10
−4 (blue), where M ≈ 0 for
φobs > 0.195; and at F
||
ac = 0.5 and ω = 10
−4 (green), where
M ≈ 0 for φobs > 0.155. (b) M vs ac frequency ω for the
system in Fig. 1(a–c) at φtot = 0.275, φobs = 0.1256, and
Fac = 0.5 for transverse (blue circles) and longitudinal (red
squares) ac driving showing a low frequency clogged state, an
intermediate frequency flowing state, and a high frequency
clogged state. The letters a, b, c mark the frequencies at
which the images in Fig. 1(a–c) were obtained. (c) M vs F⊥ac
for the system in (b) under transverse driving with ω = 10−4
(blue), 10−3 (green), 10−2 (gold), and 10−1 (red). (d) M
vs F
||
ac at the same frequencies as in (c) under longitudinal
driving.
that maximizes M . Figure 2(d) shows M versus F
||
ac for
the same system at the same driving frequencies. At
ω = 10−4, M initially increases with F
||
ac but it then
decreases until the system reaches a clogged state with
M = 0 for F
||
ac > 1.5. Previous studies of particles mov-
ing over randomly placed obstacles under a purely dc
drive have shown that negative differential conductivity
or a zero mobility state can appear at high dc drives
[39–42]. In our system we find a similar effect under
large longitudinal ac drives, so that in general the sys-
tem reaches a clogged state for high F
||
ac. For ω = 10−3
in Fig. 2(d), M increases monotonically over the range
of F
||
ac shown; however, M does decrease for much larger
values of F
||
ac. In general, M is higher for transverse ac
driving since the transverse shaking permits the particles
to more easily move around obstacles, whereas for lon-
gitudinal ac driving, the particles are pushed toward the
obstacles and M is reduced.
In Fig. 3(a) we plot M versus φtot for samples with
φobs = 0.1256 and F
⊥
ac = 0.5 at ω = 5.0 × 10−6, 10−4,
10−2, and 10−1. M is always small at low φtot, increases
to a local maximum at φtot = 0.5, and decreases to zero
as φtot approaches φtot = 0.85, corresponding to the den-
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FIG. 3: (a) M vs φtot for φobs = 0.1256 and F
⊥
ac = 0.5 at
ω = 5.0×10−6 (black squares), 10−4 (red circles), 10−2 (green
diamonds) and 10−1 (blue triangles). Over the entire range
of φtot, the ω = 10
−4 curve has the highest values of M . (b)
M vs φtot in the same system for transverse (blue circles)
and longitudinal (red squares) ac driving at ω = 10−4, where
transverse ac driving produces the highest values of M .
sity at which the system starts to form a crystallized solid
state [38, 43]. We find the highest mobility for ω = 10−4,
particularly for 0.66 < φtot < 0.85 where M is close to
zero for ω = 10−2 and 10−1. In Fig. 3(b) we show M
versus φtot at ω = 10
−4 for transverse and longitudinal
ac driving, where we again find that the transverse ac
driving gives higher values of M for all φtot and where
the local maximum in M falls at φtot = 0.5 for both ac
driving directions.
In Fig. 4(a) we plotM versus ω in samples with φtot =
0.275 and F⊥ac = 0.5 at φobs = 0.00157 to 0.157. For
φobs > 0.1099, the system reaches a fully clogged state
with M = 0. We define the onset of the low frequency
clogged state as the point at which M < 0.02. A local
maximum in M appears near ω = 2.5× 10−4 and shifts
to slightly lower frequencies as φobs decreases. A local
minimum near ω = 10−3 develops when φobs < 0.1099,
and this minimum also shifts to lower frequencies with
decreasing φobs. Both of the local extrema are correlated
with characteristic length scales of the system. The lo-
cal maximum at φobs = 0.1256 falls at a value of ω for
which the distance dτ = ω
−1dt(F⊥ac/
√
2 + Fdc) a par-
ticle moves during a single ac cycle matches the aver-
age spacing 1/
√
φobs between obstacles. As this aver-
age spacing decreases for increasing φobs, the frequency
at which the maximum value of M occurs decreases as
well. The frequency at which the local minimum ap-
pears for φobs < 0.1099 corresponds to the point at which
dτ matches the minimum transverse surface-to-surface
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FIG. 4: (a) M vs ω for samples with φtot = 0.275 and
F⊥ac = 0.5 at φobs = 0.00157, 0.031416, 0.047124, 0.062831,
0.07754, 0.09424, 0.1099, 0.12566, 0.14137, and 0.157, from
top to bottom. (b) Dynamic phase diagram as a function of
φobs vs ω for transverse driving with F
⊥
ac = 0.5. I: flowing
fluidized state; II: creeping clogged state; III: frozen clogged
state.
obstacle spacing of dmin − 2Rd. At this matching fre-
quency, the particles preferentially collide with the obsta-
cles rather than moving between them or around them,
reducing the mobility. The two resonant frequencies are
separated by a factor of 10 since F⊥ac/Fdc = 10.
In Fig. 4(b) we plot a dynamic phase diagram as a
function of φobs versus ω for samples with F
⊥
ac = 0.5.
Here phase I is the flowing fluidized state, phase II is
the low frequency creeping clogged state, and phase III
is the frozen clogged state. For φobs > 0.165, the spacing
between obstacles becomes so small that the system is in
a frozen state for all values of ω. The fluidized state is
of maximum extent between ω = 10−5 and ω = 10−4.
The dynamic phase diagram for longitudinal ac driving
(not shown) is similar; however, the extent of phase I is
reduced.
Our results resemble what has been found in recent ex-
periments on the viscosity of vibrated granular matter,
where the system is in a jammed state for low vibration
frequencies, enters a low viscosity fluid state at interme-
diate frequencies, and shows a reentrant jammed state at
high frequencies [37]. Other studies have also revealed
optimal frequencies for dynamic resonances in granular
matter, where the speed of sound is the lowest at interme-
diate frequencies when the grains are the least jammed
[44].
Our results show that the clogging and flow of partic-
ulate matter moving through heterogeneous media can
be controlled with ac driving, which could be applied to
colloidal particles moving through disordered or porous
media. Since the mobility is a function of the driving
frequency, ac driving could be used to separate different
particle species when one species is in a low mobility or
clogged state for a given frequency while the other is in a
high mobility state. These results can be generalized to
the depinning dynamics in many other systems such as
active matter, vortices in superconductors, or frictional
systems, where there is a competition between the collec-
tive interactions of the particles and quenched disorder
in the substrate.
Summary— We have examined the clogging and flow
of particles moving through random obstacle arrays un-
der a dc drift and an additional transverse or longitudinal
ac drive. At zero ac driving, there is a well defined ob-
stacle density above which the system reaches a clogged
state. When ac driving is added, this clogging transition
shifts to much higher obstacle densities. For large ob-
stacle densities, we find a low frequency creeping clogged
state where the particles undergo rearrangements from
one clogged configuration to another with a drift mo-
bility that is nearly zero. At intermediate frequencies,
the particles form a high mobility fluidized state, while
at high frequencies, a zero mobility frozen clogged state
appears, so that there is an optimal mobility at inter-
mediate frequencies. The mobility is also nonmonotonic
as a function of ac driving amplitude for fixed ac driv-
ing frequency. In most cases the transverse ac driving is
more effective at increasing the mobility than longitudi-
nal ac driving. When the ac amplitude and frequency are
both fixed, we find that there is an optimal disk density
that maximizes the mobility, while for high disk densi-
ties the system enters a low mobility jammed state. At
low obstacle densities the system is always in a flowing
state; however, for transverse ac driving we find a reso-
nant frequency with reduced flow when the magnitude of
the transverse oscillations matches the minimum trans-
verse spacing of the obstacles. We map a dynamic phase
diagram showing the locations of the flowing state, creep-
ing clogged state, and frozen clogged state. Our results
suggest that ac driving could be used to avoid clogging
and to optimize particle flows in disordered media, and
this technique could also be used as a method for sepa-
rating different species of particles. Our results can be
generalized for controlling flows in a wide class of collec-
tively interacting particle systems in heterogeneous en-
vironments, including colloids, bubbles, granular matter,
vortices in superconductors, and skyrmions in chiral mag-
nets.
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